Abstract. We give a sufficient condition for a toric ring K[A] to be strongly Koszul in terms of the reverse lexicographic Gröbner bases of its toric ideal I A . This is an extension of a result given by Restuccia and Rinaldo (Int. Math. Forum, 2007), i.e., if the reduced Gröbner basis of I A with respect to any reverse lexicographic order is quadratic, then K[A] is strongly Koszul. In addition, we show that any strongly Koszul toric ring generated by squarefree monomials is compressed. Using this fact, we show that our sufficient condition for K[A] to be strongly Koszul is both necessary and sufficient when K[A] is generated by squarefree monomials.
Introduction
Herzog, Hibi, and Restuccia [7] introduced the notion of strongly Koszul algebras. Let R be a standard graded K-algebra with the graded maximal ideal m. Then R is said to be strongly Koszul if m admits a minimal system of homogeneous generators u 1 , . . . , u n such that for any 1 ≤ i 1 < · · · < i r ≤ n and for all j = 1, 2, . . . , r − 1, the colon ideal (u i 1 , . . . , u i j−1 ) : u i j of R is generated by a subset of elements of {u 1 , . . . , u n }. As inspired by this notion, Conca, Trung, and Valla [4] introduced the notion of Koszul filtrations. A family F of ideals of R is called a Koszul filtration if F satisfies (i) every I ∈ F is generated by linear forms; (ii) (0) and m are in F ; and (iii) for each non-zero ideal I ∈ F , there exists J ∈ F with J ⊂ I such that I/J is cyclic and J : I ∈ F . For example, if R is strongly Koszul, then F = {(0)} ∪ {(u i 1 , . . . , u ir ) | 1 ≤ i 1 < · · · < i r ≤ n, 1 ≤ r ≤ n} is a Koszul filtration of R. The existence of a Koszul filtration of R is an effective sufficient condition for R to be Koszul. Some classes of Koszul algebras which have special Koszul filtrations have been studied, e.g., universally Koszul algebras [2] and initially Koszul algebras [1] . On the other hand, it is important to characterize the Koszulness in terms of the Gröbner bases of its defining ideal. It is a well-known fact that if R is G-quadratic (i.e., its defining ideal has a quadratic Gröbner basis) then R is Koszul. Conca, Rossi, and Valla [3] proved that, if R is initially Koszul, then R is G-quadratic. Moreover, they and Blum gave a necessary and sufficient condition for R to be initially Koszul in terms of initial ideals of toric ideals ( [1, 3] ).
Let A = {u 1 , . . . , u n } be a set of homogeneous monomials of a polynomial ring
is a semigroup ring generated by the set A over K.
In this paper, we study Gröbner bases of toric ideals of strongly Koszul toric rings. First, in Section 1, we give a sufficient condition for K[A] to be strongly Koszul in terms of the Gröbner bases of I A (Theorem 1.2). We then have Corollary 1.3, i.e., if the reduced Gröbner basis of I A with respect to any reverse lexicographic order is quadratic, then K[A] is strongly Koszul [13, Theorem 2.7] . On the other hand, Examples 1.6 and 1.7 are counterexamples of [13, Conjecture 3.11] (i.e., counterexamples of the converse of Corollary 1.3). In Section 2, we discuss strongly Koszul toric rings generated by squarefree monomials. We show that such toric rings are compressed (Theorem 2.1). Using this fact, we show that the sufficient condition for K[A] to be strongly Koszul in Theorem 1.2 is both necessary and sufficient when the toric rings are generated by squarefree monomials (Theorem 2.3).
Gröbner bases and strong Koszulness
First, we give a sufficient condition for toric rings to be strongly Koszul in terms of the reverse lexicographic Gröbner bases. We need the following lemma: Lemma 1.1. Suppose that, for each 1 ≤ i < j ≤ n, there exists a monomial order ≺ such that, with respect to ≺, an arbitrary binomial g in the reduced Gröbner basis of I A satisfies the following conditions:
Let G be the reduced Gröbner basis of I A with respect to ≺.
A is reduced to 0 with respect to G, it follows that both x i X α and x j X β are reduced to the same monomial m with respect to G. Suppose that g ∈ G is used in the computation
This contradicts that u k 1 · · · u ks belongs to a minimal set of generators of (u i ) ∩ (u j ). Therefore, x i never appears in the initial monomials of g ∈ G which are used in the computation x i X α G − → m. Hence, x i divides m. By the same argument, it follows that x j never appears in the initial monomials of g ∈ G which are used in the computation x j X β G − → m, and hence, x j divides m. Thus, x i x j divides m, which means that u i u j divides u k 1 · · · u ks . This contradicts that u k 1 · · · u ks belongs to a minimal set of generators of (u i ) ∩ (u j ).
Let G(I) denote the (unique) minimal set of monomial generators of a monomial ideal I. Given an ordering x i 1 < x i 2 < · · · < x in of variables {x 1 , . . . , x n }, let < rlex denote the reverse lexicographic order induced by the ordering <. Theorem 1.2. Suppose that, for each 1 ≤ i < j ≤ n, there exists an ordering
Proof. We may assume that x j < x i . By Lemma 1.1, it is enough to show that < rlex satisfies conditions (i) and (ii) in Lemma 1.1. Let g be an arbitrary (irreducible) binomial in the reduced Gröbner basis of I A with respect to < rlex .
Since x j is the smallest variable, x j does not divide in < rlex (g). Hence, < rlex satisfies condition (ii). Suppose that x i divides in < rlex (g). By the assumption for <, deg(in < rlex (g)) = 2. Hence, g = x i x p − x q x r for some 1 ≤ p, q, r ≤ n. Since x q x r < rlex x i x p , we have j ∈ {q, r}, and hence, < rlex satisfies condition (i).
As a corollary, we have a result of Restuccia and Rinaldo [13 [11] of A G associated with the star graph G = K 1,n with n + 1 vertices. By [11, Theorem 4.4] , I An is generated by F = {x i y i − z 2 | i = 1, 2, . . . , n}. Then, the Buchberger criterion tells us that the set F ∪ {x i y i − x j y j | 1 ≤ i < j ≤ n} is a Gröbner basis of I An with respect to any monomial order (i.e., a universal Gröbner basis of I An ). Thus, by Corollary 1.3, K[A n ] is strongly Koszul for all n ∈ N. Eliminating the variable z from F , by the same argument above, it follows that the toric ring
n s] is strongly Koszul for all n ∈ N. Note that K[B n ] is isomorphic to some toric ring generated by squarefree monomials. Remark 1.5. A standard graded K-algebra R is said to be c-universally Koszul [5] if the set of all ideals of R which are generated by subsets of the variables is a Koszul filtration of R. In Section 2, we will show that the converse of Theorem 1.2 holds when K[A] is generated by squarefree monomials. However, the converse does not hold in general. Example 1.6. It is known [7] that any Veronese subring of a polynomial ring is strongly Koszul. Let K[A] be the fourth Veronese subring of
. Then I A is generated by the binomials
Let < be an ordering of variables such that x i 1 < x i 2 < x i 3 < x i 4 < x i 5 with {i 1 , i 2 } = {2, 4}. Since both x On the other hand, the converse of Corollary [8] for the details. The toric ideal I A is generated by the binomials
Let < be an ordering x 4 < x 3 < x 2 < x 1 < x 8 < x 7 < x 6 < x 5 . Since, with respect to < rlex , the initial monomial (i.e., the first monomial) of any quadratic binomial above does not divide the initial monomial α − x j X β belongs to the reduced Gröbner basis of I A with respect to a reverse lexicographic order < rlex and that x j is the smallest variable in f . Then, u 
